Abstract. There are two types of J-holomorphic spheres in a symplectic manifold invariant under an antisymplectic involution: those that have a fixed point locus and those that do not. The former are described by moduli spaces of J-holomorphic disks, which are well studied in the literature. In this paper, we first study moduli spaces describing the latter and then combine the two types of moduli spaces to get a well-defined theory of counting real curves of genus 0. We use equivariant localization to show that these invariants (unlike the disk invariants) are essentially the same for the two (standard) involutions on P 4n−1 . Some followup papers extends these ideas to genus 1 and higher.
Let (X, ω, φ) be a symplectic manifold, which we will assume to be connected throughout this paper, with a real structure φ, i.e a diffeomorphism φ : X → X such that φ 2 = id X and φ * ω = −ω. Let L = Fix(φ) ⊂ X be the fixed point locus of φ; L is a Lagrangian submanifold of (X, ω) which can be empty. In the simplest case of (X, ω) = (P 1 , ω FS ), where ω FS is the Fubini-Study symplectic form, there are involutions of both types. An almost complex structure J on T X is called (ω, φ)-compatible if φ * J = −J and ω(·, J·) is a metric. Denote the set of such almost complex structures by J ω,φ or simply J φ .
Fix a compatible almost complex structure J. Let u : P 1 → X be an n-marked somewhere injective J-holomorphic sphere, i.e. du + J • du • j = 0, u −1 (u(z)) = {z} for almost every z ∈ P 1 , where j is the complex structure of P 1 . We call such a J-holomorphic map real if its image (as a marked curve) is invariant under the action of φ. In this case, pulling back φ to P 1 , we get an involution on P 1 , which may or may not have fixed points and preserves the set of marked points. After a change of coordinates, an antisymplectic involution with fixed points can be written as
while a fixed point free involution can be written as
For k, l ∈ Z ≥0 and A ∈ H 2 (X), we define M k,l (X, A) φ,τ and M l (X, A) φ,η to be the moduli spaces of degree A genus zero J-holomorphic curves u : P 1 → X satisfying where θ i 's are cohomology classes on X; see [7] , [13] , [18] . These integrals make sense and are independent of J, because M n (X, A) has a virtually orientable fundamental cycle without real codimension one boundary. One would like to define similar invariants for the moduli spaces M disk k,l (X, L, β) and the evaluation maps in (1.3). The existence of such invariants is predicted by physicists ( [3] , [12] , [15] , [22] ), but there are obstacles to defining such invariants mathematically. In addition to the transversality issues (which are also present in the classical case), issues concerning orientability and codimension one boundary arise. + k is even, where µ(β) ∈ 2Z is the Maslov index of β. In particular, if L is spin and 4|K X , then M 0,l (X, A) φ,τ or simply M l (X, A) φ,τ is orientable, while τ M is orientation-reversing on M The second type, called sphere bubbling, appears only if k = 0 and A = B − φ * B for some B ∈ H 2 (X). It consists of maps from nodal domain Σ = P 1 ∪ q P 1 , taking the node q to L. This boundary is isomorphic to (Z 2 -quotient of) (1.6)
where the intersection point with L, which correspond to the first marked point in the 1 + l marked points, has no decoration. Note that the natural extension of τ M preserves each component of the domain of every map in the first case and interchanges them in the second case.
The boundary problem is present in nearly all cases. It has been overcome in a number of cases by either adding other terms to compensate for the effect of the boundary ( [20] , [21] , [6] ) or by gluing boundary components to each other to get moduli spaces without boundary ( [19] , [10] ). None of these methods can address the issue of sphere bubbling; we address it in this paper.
η-invariants. The moduli spaces M l (X, A)
φ,η have mostly been ignored in the literature. As we show, the codimension one boundary consists of maps from a wedge of two spheres taking the node to L. The restrictions of each map to the two spheres determine elements of M 1+l (X, B) dec and M 1+l (X, −φ * B) dec that differ by the involution
where c : P 1 → P 1 , and c(z) =z. Thus, the codimension one boundary breaks into unions of components isomorphic to
In particular, if Fix(φ) = ∅, there are no codimension one boundary components, and we obtain the following result.
is a symplectic manifold with a real structure φ and Fix(φ) = ∅, M l (X, A) φ,η has a topology with respect to which it is compact and Hausdorff. It has a Kuranishi structure without boundary of virtual real dimension
Thus, it determines an element of
where O is the orientation bundle.
This proposition is proved in Section 2.
Remark 1.2. There are many symplectic manifolds (X, ω) admitting antisymplectic involutions without fixed points. For example, the involution η 2m−1 on P 2m−1 defined in (1.8) has no fixed points. Furthermore, the symplectic cut of [4, Section 2] associates to each real symplectic manifold (X, ω, φ) with Fix(φ) ∼ = S n , RP n a real symplectic manifold (X + , ω + , φ + ) with Fix(φ + ) = ∅ by "cutting out" Fix(φ) and replacing that with a divisor.
In order to define invariants, we also need to consider the orientation problem, which has not been studied before. A real structure on a vector bundle E → X is an anticomplex linear involution φ E : E → E covering φ. A real square root of a complex line bundle E → X with real structure φ E is a complex line bundle E → X with real structure φ E such that
The involution φ on X canonically lifts to an involution φ K X on the complex line bundle
This theorem is proved in Section 2.1.
1 is a holomorphic line bundle with a complex antilinear liftη of η :
into the ±1 eigenspaces of the endomorphism
the two eigenspaces are interchanged by J. Since the action of η on P 1 has no fixed points and H 0 (L⊗(T P 1 ) ⊗k ) is nonzero for k large enough, the zeros of every element of H 0 + (L⊗(T P 1 ) ⊗k ) come in pairs and thus deg L is even. Hence, if M l (X, A) φ,η is non-empty, then 2|K X (A). Thus, if K X has a real square root and, then 4|K X (A) whenever M l (X, A) φ,η is non-empty. This condition is not sufficient though.
If (X, ω, φ) is a Kahler manifold with a complex conjugation φ and E → X is a holomorphic line bundle, then E ⊗ φ * E is a holomorphic line bundle with a real structure. Hence, if E → X is a holomorphic line bundle, E = E ⊗ E , and φ * E ∼ = E , then E admits a real structure. Suppose 4|K X , i.e. there is a divisor D such that
Proposition 1.5. Let (X, ω, φ) be a symplectic manifold with a real structure. If either
We prove this proposition in Section 2.
2. An example with M l (X, A) φ,η non-orientable is described in Section 2.2. However, we are not aware of any example with X simply connected and M l (X, A) φ,η not orientable.
1.3.
Real GW invariants. If L = Fix(φ) = ∅ and the sphere bubbling is present (k = 0 and A = B − φ * B for some B ∈ H 2 (X)), we cannot define either the τ -invariants nor the η-invariants separately. It is noted in [16, Section 1.5] , that in order to get well-defined invariants in these case, the moduli spaces M l (X, A) φ,τ and M l (X, A) φ,η need to be combined somehow. This is achieved in this paper.
As described in Sections 1.1 and 1.2, the codimension one boundary corresponding to sphere bubbling in M l (X, A) φ,τ is the same as the codimension one boundary of
φ,τ and M l (X, A) φ,η along their common boundary (i.e. considering all genus 0 real curves representing class A), we obtain a moduli space M l (X, A) φ whose only codimension one boundary corresponds to disk bubbling. We then use the method of [19] and observe that the codimension one boundary components of M l (X, A) φ corresponding to disk bubbling are in fact hypersurfaces and therefore M l (X, A) φ does not have any codimension one boundary.
If K X has a real square root and L is spin, the moduli spaces M l (X, A) φ,η and M l (X, A) φ,τ are orientable. By studying the orientation along the common boundary we show that the union is also orientable. Theorem 1.6. If (X, ω, φ) is a symplectic manifold with a real structure φ, M l (X, A) φ has a topology with respect to which it is compact and Hausdorff. It has a Kuranishi structure without boundary of virtual real dimension
and thus determines an element of
where O is the orientation bundle. If in addition K X has a real square root, 4|c 1 (T X) ,and L is spin, then M l (X, A) φ is orientable and determines an element of
We prove the first part of this theorem in Section 2.3 and the second part in Section 3. We call the resulting invariants real GW invariants. The moduli space M l (X, A) φ provides a framework to define real GW invariants without any restriction on the topology of the image or the involution. If
φ,τ is empty, the real invariants reduce to the disk invariants or η-invariants above. If M l (X, A)
φ is not orientable, we can still consider invariants with twisted coefficients (coefficients in the orientation bundle) as in [10] .
For example, if L ∼ = S 3 and X is a real symplectic Calabi-Yau threefold, then M(X, A) φ is zero-dimensional and orientable. In this case we cannot define disk invariants or η-invariants separately. Therefore, we define real GW invariants of (X, φ) by
By applying the degeneration technique of [4] , we prove the following statement in Section 3.
, where (X + , ω + , φ + ) is a symplectic manifold with a real structure, canonically constructed from X, such that Fix(φ + ) = ∅ and N η A (X + ) are the corresponding η-invariants. In [4] , we show that there is a natural Hamiltonian S 1 -action on a neighborhood of L in X. Applying the symplectic cut and symplectic sum procedures to this action, we build a symplectic fibration X → ∆ over a disk in C, where the smooth fibers are symplectomorphic to X and the central fiber is normal crossing, X 0 = X − ∪ D X + . We get an induced antisymplectic involution on X which fixes X ± and restricted to X + has no fixed points; therefore, N η A (X + ) is well-defined. This shows that in a neighborhood of certain exotic almost complex structures, there is no contribution from the τ moduli spaces.
1.4. Projective spaces. We now discuss in some details the case X = P n . The involutions τ, η : P 1 → P 1 are special cases of the antiholomorphic involutions τ 2m−1 , η 2m−1 : P 2m−1 → P 2m−1 , where
In particular,
ignoring the orientations. Suppose φ = τ 2m−1 , η 2m−1 and
where p 1 , q 1 , . . . , p m , q m are nonzero degree d homogeneous polynomials in two variables without a common factor. If u • η = φ • u, every common linear factor of p i and q i for some i must be a common factor of p 1 , q 1 , . . . , p m , q m , and so there are no such factors. The commutativity condition then implies that the zeros and poles of each rational function
are interchanged by η, d is even if φ = τ 2m−1 , and d is odd if φ = η 2m−1 . Along with the explicit description of M l (X, A) φ,η at the beginning of Section 2, this implies that
Since K P 4m−1 has a real square root and
φ is orientable for φ = τ 4m−1 , η 4m−1 ; see Theorem 1.6. In fact, the short exact sequence of holomorphic vector bundles
over P n−1 provides a canonical real square root for K P n−1 and a spin structure for RP n−1 , whenever n = 4m; see Section A.2.
For l, t 1 , . . . , t l ∈ Z + , we can then define
where H ∈ H 2 (P 4m−1 , Z) is the hyperplane class.
Theorem 1.8 (joint with Aleksey Zinger
Furthermore, these invariants vanish if 2|d or 2|t k for some k.
We prove this theorem in Appendix A using the equivariant localization theorem of [11] . In [5] and an early version of this paper afterward, a naive version of this theorem was presented. The theorem was extended and the necessary steps for the proof were added by Aleksey Zinger. In Section A.1 and Remarks A.5, A.6, Aleksey shows that while K P 4m+1 does not admit a real square root, Theorem 1.8 and its proof extend to P 4m+1 . Remark 1.9 below explains this in more details.
If d is odd,
by the first statement in (1.12) and by (1.11). The sign above occurs because we reverse the orientation of M l (X, A) φ,η when gluing it to M l (X, A) φ,τ in order to make the glued moduli space orientable; this accounts for the sign in (1.15) . In this case, we show that the fixed loci in 
whenever all t 1 , . . . , t l ∈ Z + are odd and t 1 + . . . + t l = 4m − 2 + l. In particular, the signed number of real lines passing through a single point in P 4m−1 is ±1, as one would expect. In Example A.4, we show that (t 1 , . . . , t l ) still vanish for d even. As explained in Remark A.5, the contributions to the numbers N
The identity (1.15) thus still holds; see Remark A.5.
In Section 2, we investigate the boundary and orientation problems for moduli spaces of real curves without fixed point and define η-invariants. In Section 3, we combine the orientation problem of M(X, A) φ,τ and M(X, A) φ,η and prove Theorems 1.6 and 1.7. Finally, in Appendix A, we prove Theorem 1.8.
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Moduli spaces of real curves without fixed points
In this section, we study the moduli space of real curves of genus 0 without real points. As before, let
Denote by G η the set of Mobius transformations (automorphisms of
commuting with η. It acts freely and transitively on the sphere bundle
, G η is a compact orientable Lie group. Furthermore, the orientation on S(T P 1 ) as the boundary of the disk bundle D(T P 1 ) with its complex orientation thus induces a canonical orientation on G η .
The involution φ on X induces an involutionφ on the moduli space M 2l (X, A) of all degree A 2l-marked somewhere injective J-holomorphic spheres:
For every J-holomorphic sphere u : P 1 → X in the fixed point locus ofφ, there exists at most one antiholomorphic involution η u such that Fix(η u ) = ∅ and u = φ • u • η u ; therefore, the fixed point locus ofφ contains
) is just one point on whichφ acts as identity while
] with the property that there exists an antiholomorphic involution η u on the domain Σ u of u such that
Thus, there are two possible cases for η u : Σ u → Σ u :
is an antiholomorphic involution without fixed points, and η u : Σ i → Σī is an antiholomorphic map with inverse
In the second case, η u fixes a node of Σ u , which must be mapped by u to Fix(φ), M l (X, A) contains no such elements if Fix(φ) = ∅.
The virtual codimension of a boundary stratum of M l (X, A) φ,η is the number of nodes in the domains of the elements of the stratum. If Fix(φ) = ∅, M l (X, A) φ,η contains no elements of the second type above, and so its boundary strata have codimension at least two. Thus,
φ,η is a moduli space without codimension one boundary if Fix(φ) = ∅, and there is a hope of defining GW-type invariants directly from M l (X, A) φ,η . We study the orientation problem for M l (X, A) φ,η in Section 2.1 and describe a Kuranishi structure in Section 2.3.
2.1. Orientation. In the orientation problem for M l (X, A) φ,η , it is sufficient to consider the case l = 0 because any pair of marked points (z i , z i ) increases the tangent space by T z i P 1 , which has a canonical orientation. Let P 0 (X, A) φ,η be the moduli space of parametrized J-holomorphic maps so that
In order to put an orientation on M 0 (X, A) φ,η , it is enough to orient P 0 (X, A) φ,η . For this, we need to orient the determinant of the index bundle
where E = u * T X and H 0 (E) R and H 1 (E) R are the kernel and cokernel of a real CauchyRiemann operator on E. Recall that E admits an anticomplex linear involution T φ ; see the left diagram in (2.8).
Definition 2.2. Let E → P 1 be a complex vector bundle with a real structure φ covering η. We call a trivialization of E over C * ,
coincides with the standard involution C : (z, v) → (η(z),v). Admissible trivializations ψ and ψ of (E, φ) over C * are called homotopic if there is a family of such trivializations ψ t , t ∈ [0, 1], such that ψ 0 = ψ and ψ 1 = ψ . Lemma 2.3. For every complex vector bundle E → P 1 with a real structure φ covering η, there are two homotopy classes of admissible trivializations over C * . Moreover, for every admissible trivialization ψ and every map
• ψ is another admissible trivialization which is in same homotopy class as ψ if and only if i = 1.
Proof.
(1) As a complex vector bundle, E is trivial over C * . Therefore, we can fix a trivialization ψ : E → C * × C m . The involution φ then corresponds to a map
whose image lies in the set of anticomplex linear matrices. We find a change of trivialization matrix
, where H is the closed upper half-plane, be a family of matrices such that
Next define
It is easy to check that A is continuous and satisfies (2.3).
(2) If ψ is an admissible trivialization, any other admissible trivialization is of the form A • ψ, where
The question is whether A is homotopic to identity through a family A t of matrices satisfying the same equation as (2.4). Let
the set G is a group under pointwise multiplication, while G 0 is its subgroup. The restriction of A to the upper semi-circle, {z = e iπt | t ∈ [0, 1]}, determines an element of G. In fact, the space of A's satisfying (2.3) is homotopic to G. The map
is a fiber bundle with fiber G 0 . From the associated long exact sequence,
1 Therefore, there are two homotopy classes of admissible trivializations.
The remaining claim of the lemma is checked by chasing the maps in the long exact sequence.
Lemma 2.4. Let E → P 1 be a complex vector bundle with a real structure φ lifting η. Every admissible trivialization of (E, φ) over C * ⊂ P 1 canonically determines an orientation of
The two orientations given by two different admissible trivializations coincide if and only if they are in the same homotopy class.
Proof. The proof is analogous to that of [8, Proposition 8.1.4] . Contracting each of the two circles C 0,r = {z ∈ C * | |z| = r} and C ∞,r = z ∈ C * | |z| = 1 r to a point, we obtain a nodal curve Σ = Σ top ∪ Σ 0 ∪ Σ bot (picture below) with an induced fixed point free involution η Σ . We denote the quotient map by π : P 1 → Σ. Denote by q and η Σ (q) the nodal points of Σ. We may assume that q and η Σ (q) are respectively 0 and ∞ in Σ 0 ∼ = P 1 .
Via the given trivialization, the bundle (E, φ) descends to a bundle (Ẽ,φ) over Σ so that
A section of (Ẽ,φ) is of the form ξ = (ξ top , ξ 0 , ξ bot ), with matching conditions at the nodes. A section ξ is real if and only if
Therefore, it is determined by an arbitrary section ofẼ | Σtop and a real section ofẼ | Σ 0 which match at q. The matching condition at the nodes gives a short exact sequence GL(m, C) ). It lifts to the path s → γ s in G given by γ s (t) = γ((1 − 2s)t); the end point of this path is an element of π 1 (GL(m, C)) homotopic to −2γ.
The associated index of the pair (Ẽ,φ) is given by
Over Σ 0 , the index bundle is canonically isomorphic (after deforming the Cauchy-Riemann operator) to
It inherits an orientation from the choice of trivialization. Since ind C (Ẽ | Σtop ) and det R (C m q ) * carry orientations induced by their complex structures, they are canonically oriented. Thus, (2.5) induces an orientation on ind RẼ .
By Lemma 2.4, a systematic way of trivializing u
* X be the canonical complex line bundle over X. It inherits an involution
Therefore, it is a complex line bundle with an involution. Any admissible trivialization of u * T X | C * canonically induces an admissible trivialization of u * K X | C * and changing the homotopy class of admissible trivialization of the former changes the homotopy class of the induced admissible trivialization. We can therefore reduce the orientation problem to the problem of finding a canonical way of admissibly trivializing u * K X . This is an easier problem because K X is just a line bundle and has less structure than T X.
Let (L, φ L ) → (X, φ) be any complex line bundle over X with an anticomplex linear involution φ L covering φ. The line bundle L ⊗2 inherits an involution from the one on L by
Every admissible trivialization of u * L | C * induces an admissible trivialization of u * L ⊗2 | C * . However, changing the homotopy class of trivialization of L does not change the homotopy class of the induced trivialization on L ⊗2 , since changing the trivialization of L by the complex linear map R −1 of Lemma 2.3 changes the homotopy class of admissible trivialization of
has a canonical admissible trivialization.
Proof of Theorem 1.3. If K X has a real square root, then there is a natural choice of admissible trivialization, determined by the choice of (
φ,η and hence M l (X, A) φ,η are orientable.
Complimentary remarks and examples. If
and thus the Lagrangian X φ is orientable. Proposition 1.5, which we prove below, provides examples of symplectic manifolds with the canonical bundle admitting a real square root.
Lemma 2.5. Let L be a holomorphic line bundle over a compact Kahler manifold X with an anti-holomorphic involution φ. Up to multiplication by a constant number in U (1) ⊂ C * , L admits at most one anti-holomorphic conjugation liftingφ of φ.
Proof. Assuming the existence, letφ 1 andφ 2 be two anti-holomorphic conjugation liftings of φ. Thenφ 2 = ρ •φ 1 , for some holomorphic automorphism ρ : X → C * . Since X is compact ρ ≡ e iθ is constant.
Lemma 2.6. Let L be a complex line bundle over a symplectic manifold X with an antisymplectic involution φ. Assuming H 1 (X, Q) = 0, every two anticomplex linear conjugation liftingsφ of φ are equivariantly isomorphic.
Proof. Assuming the existence, as in the proof of Lemma 2.5, let ρ : X → C * be the resulting automorphism. From φ 2 2 = id we conclude that (2.6) ρ(φ(x))ρ(x) = id.
Since H 1 (X, Q) = 0, image of every loop γ ∈ π 1 (X) in H 1 (X, Z) is torsion; therefore, image(ρ(γ)) ⊂ C * is contrcatible. Thus, there is a well-defined square root,
From Equation 2.6 together with the identity
is an anti-complex linear involution isomorphic to either φ 2 or −φ 2 . If the former happens, we conclude that (L, φ 2 ) is equivariantly isomorphic to (L, φ 1 ); otherwise, changing √ ρ with i √ ρ we obtain the desired isomorphism.
proof of Proposition 1.5. If c 1 (T X) = 4α for some α as in the statement of the proposition, complex line bundle L with the chern class 2α has a real structure given by the isomorphism
where L is a complex line bundle with the chern class α. From the isomorhism of complex line bundles
and Lemma 2.6 we conclude that the canonical real structre and the one induced by the above isomorphism on K X are equivariantly isomorphic; thus, (K X , φ K X ) admits a real square root. Similarly, under the assumptions of the second part, the line bundle
has a real structure. Thus, the line bundle
has a real structure and a real square root. By Lemma 2.5, the canonical real structre and the one induced by the above isomorphism on K X are equivariantly isomorphic; thus, (K X , φ K X ) admits a real square root. In particular, if either H 1 (X; R) = 0 and c 1 (T X) = 0 or X is a compact Kahler CalabiYau with anti-holomorphic involution φ, then (K X , φ K X ) admits a real square root. Similar but weaker result can be found in [2, Lemma 2.9]. As explained above, the existence of a square root for (K X , φ K X ) implies that the Lagrangian X φ is orientable. In the case of a Kahler Calabi-Yau manifold, the orientability of the Lagrangian X φ can also be seen directly as follows. It is possible to choose a holomorphic volume form Ω so that φ * Ω =Ω. On the fixed locus, it restricts to a (real-valued) volume form.
In Appendix A we consider (P 4m−1 , η 4m−1 ); since 4|K P 4m−1 , it has a real square root. If K X is trivial as a complex line bundle (i.e X is a symplectic Calabi-Yau manifold), then K X has a real square root; moreover, in this case we can fix an admissible trivialization of K X itself over X (independent of any map u) and thus determine an orientation of moduli space M l (X, A) φ,η . As illustrated by the two examples below, there are cases where the index bundle is not orientable. The first example is similar to the non-orientable example of [8 
Define a family of involutions,
The real line bundle
The space Y is a union of two Klein bottles with double cover
Let π : X → R 2 /Z 2 × P 1 be the projection to the first and third factors. Since
is well-defined and is a diffeomorphism, it follows that M(X, A) φ,η is not orientable. If γ ⊂ M(X, A) φ,η is the preimage of the map
where F is the unorientable line bundle in Example 2.7.
is not an orbifold, in order to construct a virtual fundamental class, we need to put a Kuranishi structure on the moduli space. Such a construction for M k,l (X, A) φ,τ is described in [19, Section 7] ; we only describe the necessary adjustments. For simplicity, we ignore the marked points until the end of this construction.
There are commutative diagrams
where
The deformation theory of M 0 (X, A) φ,η is described by the linearization of the Cauchy-Riemann operator, [14, Chapter 3] for a similar situation. If ∇ is the Levi-Civita connection of the metric ω(·, J·), L J,u can be written as
There is a commutative diagram
where {T φ ξ}(z) = T φ (ξ(η(z))) and {T
denote the spaces of real sections. Let H 0 (E u ) R and H 1 (E u ) R be the kernel and cokernel, respectively, of the restricted operator
see [14, Theorem C.1.10]. Each pair of conjugate marked points increases the dimension by two and we get the dimension formula (1.2). If H 1 (E u ) R = 0, we construct a Kuranishi chart around u. For this aim, we choose finite-dimensional complex subspaces E u ⊂ W k,p−1 (E 0,1 u ) such that (1) every ξ ∈ E u is smooth and supported away from the boundary and marked points;
We then choose our Kuranishi neighborhood to be
, which is a smooth manifold of dimension
The obstruction bundle E(u) at each f ∈ V (u) is obtained by parallel translation of E u with respect to the induced metric of J. We thus get a Kuranishi neighborhood (V (u), E(u)). The Kuranishi map in this case is just the Cauchy-Riemann operator f →∂(f ).
In order to construct Kuranishi charts for u in the boundary strata of M l (X, A) φ,η , we need gluing theorems as in [8, Chapter 7] . The gluing theorems are identical to those for J-holomorphic disks; we thus omit the details and refer the reader to [8] .
Real GW invariants
If L = Fix(φ) is non-empty, the codimension one boundary of M l (X, A) φ,η might be nonempty; see (1.8 ). An element of codimension one boundary is of the form (u, Σ = Σ 1 ∪ q Σ 2 ), where
After a suitable reparametrization, we may assume q = 0 ∈ P 1 and η(z) = w. For real parameters = 0, we can glue Σ into a family of smooth curves Σ = {(z, w) ∈ C 2 : zw = }.
For ∈ R, Σ inherits a complex conjugation from η:
The fixed point set of η is S 1 if > 0 and is empty if < 0. By smoothing in one direction ( negative), we get real curves without fixed points in M l (X, A) φ,η ; by smoothing in the other direction ( positive), we get real curves with fixed points in M l (X, A) φ,τ . We identify the common boundary and glue the two moduli spaces to get a new moduli space whose only boundary component comes from the disk bubbling. We define M(X, A) φ to be the resulted space.
Each nodal curve in (1.5) is of the form (u, Σ = Σ 1 ∪ q Σ 2 ), where
After a suitable reparametrization, we may assume q = (z i = 0) ∈ C ⊂ P 1 and τ| C = c, where c(z i ) =z i . For real = 0, we can glue Σ into a family of smooth curves
For ∈ R, Σ inherits a complex conjugation from τ :
The fixed point set of τ is S 1 . By the stability condition, for each component i, either l i = 0 or the map u i ≡ u| Σ i is non-trivial. If l i = 0, we fix one of the marked points; if u i is non-trivial and somewhere injective, we fix a somewhere injective point of the corresponding domain. By tracking the image of the chosen point, we see that gluing the map in positive and negative directions produce different J-holomorphic curves. If u i is multiple cover and l i = 0, then the obstruction bundle near u i ∈ M 1,0 (X, A i ) φ,τ is non-trivial and a Kuranishi neighborhood depends on the choice of E u i of the previous section. By choosing E u i nonsymmetric with respect to the deck transformation of the covering map, we can assure that gluing in different directions produce different maps. Therefore, the real codimension one boundary term (1.5), corresponding to = 0, is indeed a hypersurface. This establishes the first part of Theorem 1.6, i.e. that M(X, A) φ has the structure of a closed Kuranishi space; the real codimension one strata (1.5) and (1.8) are real codimension one hypersurfaces in M (X, A) φ . The next two lemmas show that M l (X, A) φ is orientable if K X has a real square root and L is spin. These assumptions imply that the spaces M l (X, A) φ,τ and M l (X, A) φ,η are orientable; see the beginning of Section 1.1 and Theorem 1.3. Since K X has a real square root, 4|c 1 (A) for every A ∈ H 2 (X). Thus, the first lemma below implies that the orientation of M l (X, A) φ,τ extends across the hypersurface (1.8). The second lemma implies that the orientations of M l (X, A) φ,τ and M l (X, A) φ,η can be extended across the common boundary (1.5), possibly after flipping the orientation of the latter. In Lemma 3.3, we consider the induced orientation on the boundary ∂M of an oriented manifold M to be the one given by the outward normal vector field; i.e. T M | ∂M = T ∂M × v out , as oriented vector spaces.
Lemma 3.1. Let (X, ω, φ) be a symplectic manifold with a real structure such that L = Fix(φ) is spin. If 4|c 1 (A i ), then the gluing maps
given by smoothing domain with respect to the corresponding gluing parameter , are orientationpreserving.
Remark 3.2. If (X, L) is relatively spin, as in [8] , all the moduli spaces M disk k,l (X, L, β) are still orientable. Let [V, σ] be a relative spin structure as in [9] . Then, φ * [V, σ] is another relative spin structure and is equal to α · [V, σ], for some α ∈ H 2 (X, L); see [9] . If
then by Theorem 1.3 and Proposition 3.10 of [9] , M l (X, A) φ,τ is orientable and the conclusion of Lemma 3.1 is still true. For example, (P 4m+1 , RP 4m+1 ) is not spin but is relatively spin and each choice of two homotopy classes of relative spin structures satisfy the identity above.
Lemma 3.3. Let (X, ω, φ) be a symplectic manifold with a real structure such that L = Fix(φ) is spin and K X has a real square root. If A, B ∈ H 2 (X) are such that A = B − φ * B, the gluing maps
are orientation-preserving, provided the Lagrangian on the left-hand side is oriented by the chosen spin structure of T L in the first case and by the choice of the isomorphism In fact, for each glued map f over the glued domain Σ ∼ = P 1 , in order to orient
φ,c , we fix an admissible trivialization of f * T X over P 1 − {0, ∞} and degenerate u * T X into a bundle overΣ, such that over the central part the induced bundle is admissibly trivial. This is exactly the case withũ * T X. Over the central part,ũ| P 1 0 is trivial and the set of real sections are orientably isomorphic to T u(q) L. This oriented isomorphism determines the orientation of index bundle of the glued map.
Therefore, in order to prove this Lemma, it remains to compare the automorphism groups of domains before and after gluing. Let
be the identity component of he real automorphism group of Σ. This is a real 2-dimensional complex Lie group which has a canonical orientation and
as oriented vector spaces, with the isomorphism obtained by splitting the short exact sequence
After replacing Σ withΣ, the real automorphism group of the domain increases by a factor of S 1 and the gluing parameter of the domain takes values in C. To kill the extra S 1 -action in both the automorphism group and the gluing parameter, as in the statement of the lemma, we consider the gluing parameter to be positive real (absolute value of the complex one) and restrict to a real 4-dimensional section of G 0 × S 1 , given by
which is canonically isomorphic to G 0 . Let
This is a real one-parameter family of genus zero real curves over R ≥0 ,
with the fiber-preserving involution
that describes a gluing of the singular real curveΣ into smooth real curves. Over C, consider the group G C 0 generated by the following set of maps
with |c| defined as in (A.2). This group extends the action of G 0 to the whole family.
Restricted to each fiber C , = 0, R θ and T a generate the 3-dimensional real automorphism group of the fiber, G η or (the identity component of ) G τ , depending on c. Let
Restricted to C 0 , these vector fields form an oriented basis of T id G 0 . The restriction of v 2 , v 3 , v 4 to C , = 0, they form an oriented basis of T id G c . Finally, v 1 (after some positive rescaling) is a lift of the outward normal vector field − ∂ ∂ to the family. Since the index bundle of f and the glued maps f are orientably isomorphic, via decomposition (3.1), we get the following isomorphism of oriented vector spaces
Erasing the last three terms from the equation and replacing v 1 by v out , we observe that
is an isomorphism of oriented vector spaces. This establishes the claim.
Thus, if K X has a real square root and L is spin, choosing the spin structure appropriately, M l (X, A) φ is orientable and closed. In this case, for θ 1 , . . . , θ l ∈ H * (X), we define real GW invariants by
We finish this section with the proof of Theorem 1.7. By [4, Proposition 2.1], there is a symplectic fibration π : X → ∆ with an induced real structure φ X over a disk ∆ ⊂ C such that the central fiber X 0 is a nodal-crossing symplectic manifold with real structure φ X | X 0 ,
where (X − , φ − ) is symplectomorphic to real quadratic hypersurface in P 4 given by
Moreover, fibers over ∆ * are smooth and symplectically isotopic to (X, φ).
, including maps to the fiber over zero. Every element (u, Σ) of M(Y, {J t } t∈I , A) φ X in X 0 belongs to a fiber product of relative moduli spaces over X − and X + with matching conditions on D,
where M(X − , D, ρ, Γ − ) φ − and M(X + , D, ρ, Γ + ) φ + are the relative moduli spaces of real curves, possibly with disconnected domains, with the same intersection pattern ρ; ξ ± are contact points with D, and Γ ± encodes the data corresponding to the topological types of the domain and image; see [4, Section 4] for more details on the definition.
The moduli space M(Y, {J t } t∈(0,1] , A) φ X gives a cobordism between the moduli space of
φ and the moduli space of real curves in the singular fiber. By [4, Proposition 2.1], c 1 (
whenever the image curves of type Γ + are in homology class B. Thus, the only term with non-trivial contribution is
, where by abuse of notation A is the image of homology class A ⊂ H 2 (X) in H 2 (X + ) via the natural inclusion map H 2 (X) → H 2 (X + ).
induces an orientation on
We show in Remark A.5 that this is the orientation on
φ,η induced by the canonical real square root of K P 2m−1 , whenever m is even.
Similar reasoning applies to the space
(b i;r x+ā i;r y)
with the m sets {[a i;r , b i;r ] : r = 1, . . . , d} having no element of RP 1 = Fix(τ ) in common. In particular, the map
is an isomorphism. So, G τ has two topological components, with the automorphism [x, y] → [y, x] contained in the non-identity component. In general, the map
(b m;r x+y) ,
is an isomorphism over the open subset of
,τ consisting of maps u such that u([1, 0]) does not lie in any of the coordinate subspaces of P 2m−1 . Since the complement of this subspace is of codimension 2, this isomorphism induces orientations on
,τ lifts over the above orientation-inducing map as
,τ is orientable for all l. In fact, the resulting orientation
,τ is induced by the canonical spin structure on T RP 2m−1 if m is even and by the canonical relative spin structure on T RP 2m−1 if m is odd; see Remarks A.5 and A.6. p A.2. The canonical orientations. The first homomorphism f = (f 1 , . . . , f n ) in (1.13) is described by f i ( , λ) (a 1 , . . . , a n ) = λa i ∀ (a 0 , . . . , a n ) ∈ .
The second homomorphism in (1.13) over U i is described by
It is straightforward to check that this homomorphism is independent of the choice of i and the sequence (1.13) is indeed exact. This short exact sequence gives rise to a natural isomorphism
The involution φ = η 2m−1 , τ 2m−1 lifts to an involution Φ on O P 2m−1 (−1)⊕O P 2m−1 (−1) by
In turn, this involution induces an involution on the dual bundle O P 2m−1 (1)⊕O P 2m−1 (1) by
and thus involutions Φ on
lifting φ. The last two lifts commute with the homomorphisms in (1.13) and the isomorphism (A.1), when n = 2m is even. The isomorphisms (A.1) and (A.4) determine real square root structures on K P 4m−1 , as needed for orienting the moduli spaces
) is determined by a trivialization of T RP 4m−1 = Fix(dτ 4m−1 ) over any one of the m circles
Via the real part (the fixed loci of the involutions) of the short exact sequence (1.13), such a trivialization induces a trivialization of
with the first trivializing section being f (·, 1). The homotopy class of the resulting trivialization is independent of the lifts of the 4m − 1 trivializing sections of T RP 4m−1 over the homomorphism g in (1.13) and depends only on the homotopy class of the trivialization of T RP 4m−1 . Furthermore, this induces a bijective correspondence between the homotopy classes of trivializations of the two bundles. On the other hand, any trivialization of (2O P 4m−1 (1)) R over RP 1 i induces a trivialization of 2(2O P 4m−1 (1)) R , the homotopy class of which is independent of the choice of the first trivialization. Therefore, there is a canonical homotopy class of trivializations of (4mO P 4m−1 (1)) R over RP (which is independent of the choice of i). This spin structure determines an orientation on
Since we trivialize the summands (2O P 4m−1 (1)) R in the same way, the orientations on
and thus on RP 4m−1 induced in the two ways described above agree. Therefore, we must flip the canonical orientation of the moduli spaces
A.3. Fixed loci. For i = 1, 2, . . . , 2m, we definē
The m-torus T acts on P 2m−1 by
. This action commutes with the involutions φ = τ 2m−1 , η 2m−1 and has 2m fixed points,
We note that φ(p i ) = pī. By composition on the left, T also acts on
Lemma A.1 ([17, Lemma 3.1]). The irreducible T-fixed curves in P 2m−1 are the lines L ij connecting the points p i and p j with i = j. Moreover, the irreducible φ-and T-fixed curves in P 2m−1 are the lines L iī .
Let λ i ∈ H * T be the equivariant first Chern class of so that x 0 corresponds to the node shared with Σ 0 and each of the remaining points is decorated by a sign s k , + or −, depending on whether it is the first or the second point in the pair (z k , c(z k )).
Similarly to [11, Section 27.3] , every fixed locus of such maps can be modeled on a labeled tree, Γ, symmetric about the mid-point of a distinguished edge e 0 , which corresponds to the central component Σ 0 of the T-fixed maps in the locus. Every edge e of Γ is labeled by some d e ∈ Z + , indicating the degree of the corresponding map; these labels are preserved by the reflection symmetry of Γ. Every vertex v is labeled by some j v = 1, 2, . . . , 2m in such a way that the reflection symmetry takes a vertex labeled j to a vertex labeledj. The graph Γ also contains open edges which correspond to the marked points of the domain Σ; we denote by v(k) the vertex to which the k-th marked point is attached. Figure A.3(a) shows one such graph describing a T-locus in M 7 (P 2m−1 , [7] ) φ,c . Removing e 0 from Γ, we get a disconnected graph Γ Γ , whereΓ is the graph obtained from Γ by replacing each vertex label j byj. Choose one of the connected subgraphs, e.g. Γ , and add the corresponding half-edge in place of the central edge; see Figure A .3(b) . We denote the total half graph by Γ half . All calculations below are based on this half-graph; it is straightforward to check that the result is independent of which half we choose. 
where the products are taken over the vertices v and edges e in Γ half .
A.4. Normal bundles. For every flag F = (v, e), let
in the fixed locus corresponding to Γ, there is an exact sequence
where Σ is the domain of f . Thus,
, where "mov" means the moving part (the part with the nonzero T-weights) and e(·) denotes the equivariant Euler class. Following [11, Section 27 .4], we now determine the three terms appearing on the right-hand side of (A.5).
For each edge e of Γ half , Aut(Σ, (z k , c(z k )) k ) R contains a T-fixed one-dimensional complex subspace of infinitesimal automorphisms of the corresponding non-contracted component Σ e which fix the two branch points of f e ≡ f | Σe ; this subspace cancels with a similar piece in Def(f e ) R . The space Aut(Σ, (z k , c(z k )) k ) R also contains a T-fixed one-dimensional real subspace of infinitesimal automorphisms of the central component Σ 0 ; this subspace cancels with a similar piece in Def(f 0 ) R , up to sign taken into account by Lemma A.2. The remaining automorphisms, none of which is T-fixed, correspond to the vertices v in Γ half of valence 1; they describe the infinitesimal automorphisms moving the branch point x v of f e , where e is the unique edge containing v, that lies over j v . Thus, similarly to [11, Section 27.4 ],
A deformation of a contracted component of the domain (as a marked curve) is Tfixed. The moving deformations come from smoothing (conjugate pairs) of nodes of Σ. For each node x of Σ corresponding to Γ half , Def(Σ, (z k , c(z k )) k ) mov R contains the complex one-dimensional space isomorphic to the tensor product of the tangent spaces of the two components of Σ sharing x. There are two possibilities. Each v ∈ Γ half shared by two edges contributes w F 1 +w F 2 , where F 1 and F 2 are the two flags containing v. Each flag F = (v, e) with v ∈ Γ half and val(v) ≥ 3 contributes w F −ψ F , where ψ F ∈ H 2 (M v ) is the first Chern class of the universal cotangent bundle on M v corresponding to the marked point determined by F on the contracted curve determined by the vertex v. Thus,
Finally, there is an exact sequence
where the direct sums are taken over the vertices v, edges e, and flags F in Γ half . Thus,
The contribution of e = e 0 is standard and given by (A.9)
where j 1 and j 2 are the two vertex labels of the edge e; see [11, Section 27.4] . The contribution of the half-edge e 0 is described by the next lemma, which is proved in Section A.6. 
where the sum is taken over all half-graphs Γ half corresponding to
containing marked points with the + sign only.
. . , t l ∈ Z + are odd, and t 1 +. . .+t l = 4m−2+l, (A.12) gives
Simplifying and using the residue theorem on S 2 , we obtain
Example A.4 (m=1,d=3). There are five distinct types of half-graphs that contribute to the numbers N 
to L iī \{p i , pī} is trivialized by the homomorphism (x 1 , . . . , x 2m )⊗(y 1 , . . . , y 2m ) = −{α 1 ⊗α 2 } (ȳ 2 , (−1) |φ|ȳ 1 , . . . ,ȳ 2m , (−1) |φ|ȳ 2m−1 ) ⊗ ((−1) |φ|x 2 ,x 1 , . . . , (−1) |φ|x 2m ,x 2m−1 ) , corresponds to the standard involution on (L iī \{p i , pī})×C lifting the restriction of φ. Thus, the trivialization
Via this trivialization, the involution Φ on
is an admissible trivialization of (O P 2m−1 (2m), Φ) induced by a trivialization of its real square root via the canonical isomorphism
if m is even.
In the case φ = τ 2m−1 , 2O P 2m−1 (1) R = (α 1 , α 2 ) ∈ 2O P 2m−1 (1)| : ∈ RP 2m−1 , α 2 (x 1 , . . . , x 2m ) = α 1 (x 2 ,x 1 , . . . ,x 2m−1 ,x 2m ) ∀ (x 1 , . . . , x 2m ) ∈ .
Thus, we can trivialize (2O P 2m−1 (1)) R over RP corresponds to the standard involution on (L iī \{p i , pī})×C 2m−1 lifting φ, whenever a ∈ R * .
We order the standard coordinate vector fields along L iī \{p i , pī} so that ∂ ∂z iī is listed first, followed by the pairs consisting of . Thus, if m is even, the two trivializations of (K * P n−1 , Φ) over L iī \{p i , pī} are homotopic in the sense of Definition 2.2 if and only if a > 0.
In the case φ = τ 2m−1 , the above composite trivialization restricts to a trivialization of T RP 2m−1 over RP with j = i and 2|(j−i). Lifting these sections over the homomorphism g in the real part of the short exact sequence (1.13) and combining with the image of f , we obtain a trivialization of (2mO P 2m−1 )
R . The composition of this trivialization with the trivialization (A.15) sends the two standard real basis elements of each factor of C to either 1 and i/2a or −i/2 and 1/2 in some factor of C. Therefore, if m is even, the trivialization of (2mO P 2m−1 ) R over RP . Since τ M is orientation-preserving, this implies that the orientations agree for i even as well. However, this can also be seen directly as follows. We first change Ψ in (A.15) in the i-th factor to ( , αī, α i ) → , αī(z i ( )) = , z iī α i (z i ( )) ; the pull-back of the corresponding trivialization of the rank 2 real vector bundle (A.21) by f 0 to S 1 then extends over D 2 . We must thus use this new Ψ to orient H 0 (Σ 0 , f * 0 T P 2m−1 ) R . The components of the change of the trivialization after (A.18) taking the two standard real basis vectors for C to 1 and i/2a now take them to z iī and −z iī i/2a; in order for the composite orientation to preserve the orientation, we must thus take a < 0. The factor of z iī pulls back to z d 0 by f 0 , giving the same trivialization of f * 0 T RP 2m−1 over S 1 if and only if d 0 is even. Thus, the orientation on H 0 (Σ 0 , f * 0 T P 2m−1 ) R as described above differs from the correct one by (−1) d 0 . Finally, the characteristic vector field (A.20) is now oriented in the opposite way to the factor of R in H 0 (Σ 0 , f * 0 T P 2m−1 ) R , which contributes another factor of (−1) to the sign, and an overall sign of (−1) (d 0 +1)mī to (A.10).
